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Molecular hydrogen ions are of metrological relevance due to the possibility of precise theoretical
evaluation of their spectrum and of external-field-induced shifts. We report the results of the
calculations of the rate of laser-induced electric quadrupole transitions between a large set of ro-
vibrational states of H+2 . The hyperfine and Zeeman structure of the E2 transition spectrum and
the effects of the laser polarization are treated in detail. We also present the nuclear spin-electron
spin coupling constants, computed with a precision 10 times higher than previously.
I. INTRODUCTION
Molecular hydrogen ions (MHI) are three-body systems that give the possibility of precise theoretical evaluation
of their spectrum, transitions, and external effect shifts [1],[2]. Properly selected transitions exhibit weak sensitivity
to external fields. This feature makes them excellent candidates for frequency standards with potential uncertainties
at the 10−17 fractional level [3, 4]. Current and future results from precision spectroscopy of MHI, combined with
the theroretical prediction of transition frequencies, also allows determining several fundamental constants of atomic
physics, such as particle mass ratios and the Rydberg constant [5, 6].
The spectroscopy of electric quadrupole transitions in homonuclear molecules has been the subject of many investi-
gations, recently in trapped and sympathetically cooled molecular ions (see, e.g. [7] and references therein.) The first
theoretical study on the electric quadrupole ro-vibrational transitions of H+2 was published by by Bates and Poots in
1953 [8] using the two-centre approximation for the wavefunction. Posen et al. [9] have computed the spontaneous
emission rates for all ro-vibrational transitions in H+2 , without inclusion of hyperfine structure. More accurate calcu-
lations of the E2 transition amplitudes in H+2 were performed by Pilon and Baye [10] and Karr [11]. In [11], however,
the hyperfine structure of the E2 transition line had not been considered quantitatively except for the particular case
of stretched states.
Recently we [4] and Karr [11] (see also Ref. [3]) have pointed out that the electric quadrupole spectroscopy of H+2
sympathetically cooled by beryllium ions has outstanding potential for achieving ultra-high precision. In this context,
in [13] an approach was proposed for quantum state preparation of H+2 , which involves laser-driven electric quadrupole
transitions.
The strengths of hyperfine-resolved quadrupole transitions for diatomic molecules have recently been discussed by
Germann and Willitsch [12]. Specifically, they considered Hund′s case (b), and derived for this particular case general
expressions for the line strength in zero-th order of perturbation theory in the spin interactions, without taking into
account the dependence on laser polarization.
In this work, we present a complete treatment of the electric quadrupole transitions of H+2 , including both the
spin (hyperfine) structure and the effects of magnetic field and laser polarization. In comparison with the preceding
results, we have considered transitions between higher excited states with vibration quantum number up to v = 10.
In the following, we derive the explicit expressions for the interaction of a monochromatic wave with the H+2 ion
in an arbitrary quantum state, starting with the basics in Sec. II A. The hyperfine structure of the levels of H+2 is
introduced in Sec. II B, followed by the computation of the energies of the spin states. A high accuracy was made
possible by an improved computation of the spin-spin coupling coefficients. A detailed treatment of the transition
strengths of the spin components of a given ro-vibrational transition is worked out in Sec. II C. We pay particular
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2attention to making our results easily comparable with previous work. Sec. III is devoted to the discussion of some
examples that are believed to be of relevance for near-future precision spectroscopic studies.
II. THEORY
A. Interaction with an external electromagnetic field
In the center-of-mass frame, the non-relativistic Hamiltonian of H+2 is:
HNR =
P
2
1
2mp
+
P
2
2
2mp
+
P
2
e
2me
+
e2
4πε0
(
− 1
r1
− 1
r2
+
1
r12
)
, (1)
where R1,2, Re and P1,2, Pe are the position and momentum operators of the two protons and the electron, respec-
tively, r1 = Re−R1, r2 = Re−R2, r12 = R1 −R2, and mp, me are the masses of the proton and the electron.
The interaction Hamiltonian of a system of particles with an external electromagnetic field is [14]:
Hint = −
∑
α
Zαe
mα
Pα ·A(Rα, t). (2)
In Eq.(2) we have kept only the linear terms in the vector potential A(R, t); e is the magnitude of the electron charge,
the summation runs over all three constituents of H+2 α = p1, p2, e
−, and Zα is the charge of particle α in units of e.
For a plane wave with general polarization the electromagnetic vector potential is:
A(R, t) = A0e
i(k·R−ωt) +A∗0e
−i(k·R−ωt)
and corresponds to electric field
E(R, t) = E0e
i(k·R−ωt) +E∗0e
−i(k·R−ωt), E0 = iωA0. (3)
A0 is a complex vector satisfying A0 · k = 0. In the long wavelength approximation, we expand the exponent
e±i(k·Rα) in (2) and keep only the term responsible for the electric quadrupole transitions:
H
(2)
int = −
∑
α
Zαe
mα
Pα · (iA0e−iωt(k ·Rα) + c.c.). (4)
By rearranging the terms we rewrite the above expression as a sum of products of symmetric or anti-symmetric
tensors. The product of antisymmetric tensor gives rise to magnetic dipole transitions and will not be considered
here. The remaining terms are put in the form [14]:
H
(E2)
int =
i
~
∑
α
Zαe
2ω
∑
ij
T
(2)
ij (t)[RαiRαj , H
NR]. (5)
Here T
(2)
ij (t) =
1
2 (kiEj(0, t)+kjEi(0, t)) is the symmetric part of the tensor product of the electric field at the center-of-
mass of the system, E(0, t), and of the wave vector, k. We shall also make use of the dimensionless, time-independent
and complex tensor
T̂ij = (kˆiǫˆj + kˆj ǫˆi)/2, (6)
where kˆ and ǫˆ are unit vectors along k and E0: k = k kˆ = (ω/c)kˆ, E0 = |E0| ǫˆ. The relation of T (2)ij (t) to T̂ij reads:
T
(2)
ij (t) = k|E0|
(
T̂ij e
−iωt + T̂ ∗ij e
iωt
)
. (7)
B. H+2 hyperfine structure
The calculations in this work are done in the total angular momentum representation with the following coupling
scheme of angular momentum operators:
I = I1 + I2, F = I+ se, J = L+ F. (8)
3I1,2 and se are the spin operators of the two protons and electron, respectively, L is the total orbital momentum, and
J is the total angular momentum.
The H+2 molecular ion has a simple hyperfine structure. As a homonuclear molecule with fermionic nuclei, its state
vectors are antisymmetrical with respect to the exchange of the protons. This property gives rise to a restriction
on the total nuclear spin, (−1)I = (−1)L, (for the ground electronic state 1sσg), which therefore becomes an exact
quantum number [25]. The other exact quantum numbers are J and the z-axis projection Jz . Although F is not
conserved, it can be used as a label of the hyperfine states since the mixing in F is small (see the table in the
Supplemental material [? ]). The states with odd orbital quantum number L are split into six hyperfine components:
(F, J) = (1/2, L±1/2), (3/2, L±1/2), (3/2, L±3/2), and for even L — into two components: (F, J) = (1/2, L±1/2).
Exceptions are the L = 0 state with a single component (F, J) = (1/2, L+1/2), and L = 1, which has five components:
(F, J) = (1/2, L± 1/2), (3/2, L± 1/2), (3/2, L+ 3/2).
The hyperfine energies Ehfs(vL)FJ and state vectors are calculated by diagonalization of the effective state-dependent
spin Hamiltonian Heff , obtained from the Breit-Pauli interaction by averaging over space variables with the non-
relativistic wave functions of H+2 [15, 16],
Heff = bf (I · se) + ce(L · se) + cI(L · I) + d1
(2L−1)(2L+3)
(
2
3
L
2(I · se)− [(L · I)(L · se) + (L · se)(L · I)]
)
+
d2
(2L−1)(2L+3)
(
1
3
L
2
I
2 − 1
2
(L · I)− (L · I)2
)
.
(9)
The state-dependent coefficients bf , ce, cI , d1, and d2 are calculated numerically. In this paper we use the recently
updated values of bf , in which the contributions of order O(mα
6), amounting to 10−4 fractionally, have been accounted
for. For the remaining coefficients we use the values calculated in [15]. The magnitude of the coefficient bf dominates
over the others, which justifies the choice of angular momentum coupling given in Eq. (8) rather than Hund’s case
(b). Heff is an operator acting in the space of spin variables and total orbital angular momentum L, which is spanned
by the basis vectors
|LIFJJz〉 =
∑
ζ1ζ2IzζeFzLz
CIIzI1ζ1I2ζ2C
FFz
IIzseζe
CJJzFFzLLz × |I1ζ1〉|I2ζ2〉|seζe〉|LLz〉. (10)
Here |LLz〉 satisfies (L2−L(L+1))|LLz〉 = 0, (Lz−Lz)|LLz〉 = 0, and similar for the individual particle spin operators
and eigenvectors. In first order of perturbation theory the hyperfine state vectors, |(vL)FJJz〉, are expressed as linear
combinations of the basis vectors
∣∣LIFJJz〉:
|(vL)FJJz〉 =
∑
F ′
β
(vL)FJ
F ′ |LIF ′JJz〉. (11)
where β
(vL)FJ
F ′ are the eigenvectors of the matrix of H
eff in the basis set (10), and the values of F ′ satisfy the
inequalities max(|I − 1/2|, |J − L|) ≤ F ′ ≤ min(I + 1/2, J + L) . In absence of external fields, the energy levels
are degenerate in Jz. The non-zero components of β
(vL)FJ
F ′ can be parameterized as follows: for odd L (I = 1),
β
(vL)3/2L±3/2
3/2 = 1, β
(vL)FL±1/2
F = cosφ±, F = 1/2, 3/2, β
(vL)1/2L±1/2
3/2 = −β
(vL)3/2L±1/2
1/2 = sinφ±; for even values
of L (I = 0), β
(vL)1/2,L±1/2
1/2 = 1, β
(vL)1/2,L±1/2
3/2 = 0. The energies E
hfs
(vL)FJ , the mixing angles φ± between spin
basis states, and the coefficients bf are given in Table I for vibrational and rotational quantum numbers in the range
0 ≤ v ≤ 4 and 0 ≤ L ≤ 8. The small values of the mixing angles confirm the appropriateness of the coupling scheme
of (8) for the classification of the hyperfine structure of the ro-vibrational spectrum of H+2 and justify the use – in
lower accuracy estimates – of the zero-th order approximation for the hyperfine state vectors, which reads:
φ± ≈ 0, β(vL)FJF ′ ≈ δFF ′ . (12)
4TABLE I: Hyperfine structure of the lower ro-vibrational states of H+2 with orbital momentum L in the range 0 ≤ L ≤ 4 and
vibrational quantum number v in the range 0 ≤ v ≤ 8. Listed are: the updated values (in MHz) of the coefficient bf in the
effective spin Hamiltonian Heff (9), the hyperfine energies Ehfs(vL)FJ (in MHz) and, for odd L, the mixing angles φ± (in rad).
bf , MHz E
hfs
(vL)FJ
, MHz mixing angles Ehfs
(vL)FJ
, MHz
L v (F, J) :
(
3
2
, L+ 3
2
) (
3
2
, L+ 1
2
) (
1
2
, L+ 1
2
) (
3
2
, L− 1
2
) (
1
2
, L− 1
2
) (
3
2
, L− 3
2
)
φ+ φ− L v
(
1
2
, L+ 1
2
) (
1
2
, L− 1
2
)
1 0 922.9318 474.0763 481.9234 −930.3732 385.3687 −910.6980 −0.01561 −0.03890 2 0 42.1625 −63.2438
1 1 898.7507 461.2282 468.4956 −905.7253 377.9657 −887.1909 −0.01508 −0.03736 2 1 39.5716 −59.3574
1 2 876.3973 449.3273 456.0493 −882.9269 371.2588 −865.4856 −0.01452 −0.03578 2 2 37.0992 −55.6487
1 3 855.7571 438.3119 444.5191 −861.8606 365.2188 −845.4716 −0.01395 −0.03417 2 3 34.7295 −52.0943
1 4 836.7296 428.1272 433.8475 −842.4234 359.8226 −827.0524 −0.01335 −0.03253 2 4 32.4479 −48.6718
1 5 819.2274 418.7256 423.9833 −824.5255 355.0518 −810.1443 −0.01273 −0.03084 2 5 30.2400 −45.3600
1 6 803.1750 410.0651 414.8819 −808.0888 350.8940 −794.6756 −0.01209 −0.02911 4 0 82.5884 −103.2355
1 7 788.5079 402.1094 406.5042 −793.0463 347.3416 −780.5856 −0.01142 −0.02733 4 1 77.4966 −96.8707
1 8 775.1714 394.8271 398.8163 −779.3412 344.3925 −767.8240 −0.01071 −0.02548 4 2 72.6350 −90.7937
3 0 917.5313 507.2270 489.4960 −941.0438 423.6046 −894.6020 341.5241 −0.04213 −0.06186 4 3 67.9728 −84.9660
3 1 893.6964 492.3526 475.5481 −915.6828 413.6522 −871.9908 336.8955 −0.04067 −0.05948 4 4 63.4807 −79.3509
3 2 871.6711 478.5158 462.6063 −892.2046 404.5273 −851.1450 332.8336 −0.03916 −0.05705
3 3 851.3432 465.6422 450.6022 −870.4878 396.1856 −831.9595 329.3264 −0.03761 −0.05456
3 4 832.6144 453.6659 439.4752 −850.4255 388.5894 −814.3434 326.3667 −0.03599 −0.05200
3 5 815.3996 442.5281 429.1720 −831.9247 381.7075 −798.2185 323.9516 −0.03432 −0.04937
3 6 799.6258 432.1751 419.6456 −814.9040 375.5153 −783.5195 322.0852 −0.03257 −0.04664
3 7 785.2282 422.5607 410.8538 −799.2920 369.9910 −770.1888 320.7713 −0.03074 −0.04382
3 8 772.1561 413.6433 402.7612 −785.0303 365.1210 −758.1833 320.0235 −0.02882 −0.04090
C. E2 transition matrix elements and transition rates
Using Eqs. (5) and (7), the E2 transition matrix element between initial |i〉 =
∣∣(vL)FJJz〉 and final |f〉 =∣∣(v′L′)F ′J ′J ′z〉 hyperfine states of H+2 can be put in a form that exhibits the dependence on time:
〈(v′L′)F ′J ′J ′z
∣∣H(E2)int ∣∣(vL)FJJz〉 = i3 ωNRω 〈(v′L′)F ′J ′J ′z|T (2)(t) ·Q(2)|(vL)FJJz〉
=
i
3c
ωNR |E0|
(
e−iωt〈(v′L′)F ′J ′J ′z|T̂ ·Q(2)|(vL)FJJz〉+ eiωt〈(v′L′)F ′J ′J ′z |T̂ ∗ ·Q(2)|(vL)FJJz〉
)
. (13)
Here ωNR = (ENRv′L′ − ENRvL )/~, ENRvL and ENRv′L′ are the non-relativistic energies of the initial and final states, Q(2) is
the irreducible tensor of the electric quadrupole moment of H+2
Qij =
3
2
∑
α
Zαe
(
RiαRjα − 1
3
(Rα)
2δij
)
, (14)
and T (2)(t) ·Q(2) ≡∑
ij
T
(2)
ij (t)Q
(2)
ij denotes the scalar product of the tensors. The cyclic components Q
(2)
q and T (2)q(t),
q = −2, . . . , 2 are normalized by Q(2)0 = Qzz and similar for T (2)0 (cf. [11, 19]). In terms of the cyclic components the
scalar product is expresses as T · Q(2) = 32
∑
q
T (2)q(t)Q
(2)
q . Some authors use alternative normalization conventions
(e.g. [17] and [18]); the current convention was selected to ease comparison with the numerical results of [10] and [11].
In these notations the Rabi frequency of the |(vL)FJJz〉 → |(v′L′)F ′J ′J ′z〉 transition is given by [19]
Ωif =
|E0|ωif
3~c
∣∣∣〈(v′L′)F ′J ′J ′z | T̂ ·Q(2) |(vL)FJJz〉∣∣∣ . (15)
Next, using Eq. (11), for the time-independent matrix elements of T̂ ·Q(2) we have
〈(v′L′)F ′J ′J ′z|T̂ ·Q(2)|(vL)FJJz〉 =
3
2
∑
q
T̂ q
∑
F1,F ′1
β
(vL)FJ
F1
β
(v′L′)F ′J′
F ′
1
〈L′IF ′J ′J ′z
∣∣Q(2)q |LIFJJz〉. (16)
5With the Wigner-Eckart theorem the matrix elements of Q(2) in the basis set (10) are expressed in terms of the
non-relativistic reduced matrix elements 〈v′L′‖Q(2)‖vL〉:
〈L′IF ′J ′J ′z
∣∣Q(2)q |LIFJJz〉 = δF ′F (−1)J+L+F√2J + 1CJ′J′zJJz,2q {L F JJ ′ 2 L′
}
〈v′L′‖Q(2)‖vL〉.
The above expression implies the selection rules ∆L ≡ L′ − L = 0,±2, |∆J | ≤ 2, J + J ′ ≥ 2; the transitions
L = 0→ L′ = 0 are also forbidden.
The probability Wif (T ) for a particular E2 transition |i〉 ≡ |(vL)IFJJz〉 → |f〉 ≡ |(v′L′)IF ′J ′J ′z〉 in the time
interval 0 ≤ t ≤ T, ωT ≫ 1, stimulated by the external electromagnetic field E oscillating with frequency ω, is [14]:
Wif (T ) =
∣∣∣∣∣∣1~
T∫
0
dt exp(iωif t) 〈(v′L′)F ′J ′J ′z
∣∣H(E2)int ∣∣(vL)FJJz〉
∣∣∣∣∣∣
2
≈ Ω2if (F ((ω−ωif);T ) + F ((ω+ωif);T )) , (17)
where ωif = (Ef −Ei)/~ is the transition angular frequency with account of the hyperfine, Zeeman etc. corrections to
ωNR, and the following δ-like function is used: F (a;T ) = (sin(aT/2)/(a/2))2, lim
T→∞
= 2πTδ(a). The rate Wif of the
transition is defined as the probability per unit time over a sufficiently long time interval: Wif =Wif (T )/T, ω T ≫ 1.
We shall put the expression ofWif in a form that accounts for the characteristics of the laser source and the transition
line profile, and distinctly exhibits the hyperfine and Zeeman structure of the spectrum. To this end we relate the
amplitude E0 of the electric field to the spectral density of the laser energy flux I(ω): I(ω) = (ε0c/2) (d|E0|2/dω),
normalized to the laser intensity I0 by
∫
dω I(ω) = I0. We also denote by gif (ω) the transition line spectral profile
(determined by Doppler broadening or else), with normalization
∫
dω gif (ω) = 1. By combining Eqs. (13)-(17), in the
limits of large T , the expression for Wif is cast in the following factorized form:
Wif =WNR(v′L′; vL)Whfs((v′L′)F ′J ′; (vL)FJ)Wpol(J ′z; Jz). (18)
The first factor, WNR(v′L′; vL), is the rate of stimulated E2 transitions in H+2 in the non-relativistic (spinless)
approximation, averaged over the initial and summed over the final angular momentum projections Jz, J
′
z
WNR(v′L′; vL) = πω
2
if
ε0c3~2
1
15(2L+ 1)
∣∣∣〈v′L′||Q(2)||vL〉∣∣∣2 I¯, I¯ = ∫ dω I(ω)gif (ω). (19)
The factor Whfs((v′L′)F ′J ′; (vL)FJ) is the relative intensity of the individual hyperfine components FJ → F ′J ′ of
the transition line (vL)→ (v′L′). For simplicity of the notations we shall omit v, L, v′, L′ wherever possible:
Whfs((v′L′)F ′J ′; (vL)FJ) ≡ Whfs(F ′J ′;FJ) (20)
= (2L+ 1)(2J + 1)(2J ′ + 1)
(∑
F1
β
(v′L′)F ′J′
F1
β
(vL)FJ
F1
(−1)J+F1
{
L F1 J
J ′ 2 L′
})2
,
normalized by the condition∑
F ′J′
1
nhfs(vL)
∑
FJ
Whfs(F ′J ′;FJ) = 1, (21)
nhfs(vL) = 2(2I+1)(2L+1) standing for the number of states |(vL)FJJz〉 of the hyperfine structure of the initial ro-
vibrational (vL) state. Note that the approximate expression for Whfs(F ′J ′;FJ) that stems from the approximation
for the amplitudes β
(vL)FJ
F ′ of zero-th order of perturbation theory in Eq. (12)
Whfs(F ′J ′;FJ) ≈ δFF ′(2L+ 1)(2J + 1)(2J ′ + 1)
{
L F J
J ′ 2 L′
}2
(22)
does not describe the “weak” hyperfine components of the transition lines.
Finally, Wpol(J ′z , Jz) is the relative intensity of the components of the transition line with different values of the
quantum numbers Jz, J
′
z (the dependence on J and J
′ being omitted for simplicity of the notations):
Wpol(J ′z ; Jz) =
15
2J ′ + 1
(
C
J′J′
z
JJz ,2q
)2 ∣∣∣T̂ (2)q∣∣∣2 , q = J ′z − Jz, (23)
6expressed in terms of Clebsch-Gordan coefficients and the tensor T̂ defined in Eq. (6), and satisfying∑
Jz;J′z
Wpol(J ′z , Jz) = 1, (24)
To avoid any ambiguity, we list the general expressions of T̂ (2)q in terms of the Cartesian components of kˆ and ǫˆ:
T̂ (2)±2 =
√
3
8
(
kˆxǫˆx − kˆy ǫˆy ∓ i
(
kˆxǫˆy + kˆy ǫˆx
))
T̂ (2)±1 =
√
3
8
(
∓
(
kˆxǫˆz + kˆz ǫˆx
)
+ i
(
kˆz ǫˆy + kˆy ǫˆz
))
T̂ (2)0 =
1
2
(
2kˆz ǫˆz − kˆxǫˆx − kˆy ǫˆy
)
.
The relevance of each of the three factors in Eq. (18) is discussed below.
III. NUMERICAL RESULTS AND DISCUSSION
A. E2 transition rates in the approximation of spin-less particles
TABLE II: Numerical results for selected E2 transitions in H+2 in the approximation of spin-less particles. Comparison with
the values of Einstein coefficients A, calculated by Pilon and Baye [10], and of the reduced matrix elements 〈v′L′||Q(2)||vL〉 of
Karr [11] is made in a few illustrative cases considered by those authors. The notation a[b] = a× 10b has been used.
i f
∣
∣
∣〈 v′L′
∥
∥Q(2)
∥
∥vL〉
∣
∣
∣ /ea20 Einstein coefficient Afi, s
−1
|vL〉 → |v′, L′〉∆ENR, cm−1 This work Karr [11] This work Pilon&Baye [10]
|0, 0〉 → |0, 2〉 174.230 1.644960 0.973137[−11] 0.973137[−11]
|0, 0〉 → |1, 2〉 2356.155 0.313846 0.160207[−6] 0.160207[−6]
|0, 0〉 → |4, 2〉 8156.599 0.001048 0.888671[−9]
|0, 0〉 → |6, 2〉 11436.092 0.000100 0.441771[−10]
|0, 1〉 → |1, 1〉 2188.035 0.376163 0.3762 0.264911[−6] 0.264911[−6]
|0, 1〉 → |2, 1〉 4248.965 0.028875 0.02887 0.431045[−7] 0.431045[−7]
|0, 1〉 → |3, 1〉 6186.996 0.004044 0.004044 0.553479[−8] 0.553479[−8]
|0, 1〉 → |4, 1〉 8005.682 0.000792 0.770296[−9]
|0, 2〉 → |1, 2〉 2181.925 0.411812 0.4118 0.185876[−6] 0.185876[−6]
|0, 2〉 → |2, 2〉 4236.951 0.031686 0.03169 0.307072[−7] 0.307072[−7]
|0, 2〉 → |4, 2〉 7982.369 0.000874 0.554230[−9]
|0, 3〉 → |1, 1〉 1899.184 0.529496 0.5295 0.258605[−6] 0.258605[−6]
|0, 4〉 → |1, 2〉 1780.716 0.667785 0.6678 0.178844[−6] 0.178844[−6]
|0, 4〉 → |2, 4〉 4195.295 0.041347 0.276482[−7] 0.276482[−7]
|0, 4〉 → |3, 2〉 5768.052 0.002013 0.002013 0.579405[−9] 0.579407[−9]
|0, 6〉 → |5, 6〉 9425.184 0.000367 0.864640[−10]
|1, 1〉 → |1, 3〉 273.621 2.529827 0.157047[−9] 0.157047[−9]
|1, 1〉 → |3, 3〉 4243.606 0.074474 0.122120[−6] 0.122120[−6]
|2, 0〉 → |4, 2〉 3901.609 0.080164 0.130139[−6]
|3, 2〉 → |6, 4〉 5375.331 0.049248 0.135446[−6]
|5, 2〉 → |5, 4〉 301.389 4.850333 0.728017[−9]
|4, 3〉 → |10, 5〉 8708.227 0.006665 0.226499[−7]
|9, 6〉 → |10, 6〉 1087.942 3.085308 0.124992[−6]
The computational challenge in the present paper was the evaluation of the reduced matrix elements of the electric
quadrupole moment of H+2 in Eq. (19). The values of 〈v′L′||Q(2)||vL〉 were calculated with the variational wave
functions obtained in the approach of [20].
Some authors present the rates of transitions in terms of the Einstein coefficients A rather than Wif , related to the
reduced matrix elements by [10](
Afi/t
−1
0
)
=
α5
15(2L+ 1)
(
(ENRv′L′ − ENRvL )/E0
)5 (〈v′L′||Q(2)||vL〉/(ea20))2 , (25)
7where a0, t0 = a0/αc, and E0 = 2Ry are the atomic units of length (i.e. the Bohr radius), time and energy. The
numerical results, including the non-relativistic E2 transition energies, the values of the reduced matrix elements
and of Einstein’s coefficients for all E2 transitions between states with vibrational quantum number 0 ≤ v ≤ 10,
|v′ − v| ≤ 6, and total orbital momentum 0 ≤ L ≤ 6 are given in the Table of the supplemental material [23]. The
considered transitions belong to the near and mid infrared spectral range; they are to some extent complementary to
the set of states considered in previous works [10, 11] and include, among other, higher vibration excitations. The
results are intended to help select transitions of appropriate wave length and intensity and plan the future experiments
on E2 spectroscopy of H+2 .
Table II illustrates on a few examples the agreement between the numerical values of the reduced matrix elements
of the H+2 electric quadrupole moment calculated in [10, 11] and in the present work. In the overlapping cases the
numerical results agree within the claimed precision of six digits with exceptions that should be attributed to the
different ways of rounding.
B. Hyperfine structure of the E2 transition spectrum
The non-relativistic picture, in which the E2 transition spectral lines are labeled with the quantum numbers (v, L),
(v′, L′) of the initial and final states of H+2 , is applicable only if the spectroscopic resolution is ≃ 1GHz or worse. Under
higher resolution, the line will evidence splitting into a set of hyperfine components spread over an interval of the order
of 1 GHz around the non-relativistic transition frequency ωNR (see Fig. 1). Transitions having ∆F ≡ F ′−F = ±1 are
strongly suppressed compared with transitions with ∆F = 0; the latter are spread over a much narrower frequency
interval of the order of 100 MHz. In the assumption of a flat laser spectral profile I(ω) the sum of the transition
rates (also referred to as line intensities) of all the hyperfine lines equals the non-relativistic intensity WNR(v′L′; vL),
Eq. (19). The relative intensity of the hyperfine components is given by the factor Whfsif in Eqs. (18,20).
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FIG. 1: Hyperfine structure of the (0, 1)→ (1, 1) E2 transition line: relative intensityWhfs(F ′J ′;FJ) of the individual hyperfine
components (FJ)→ (F ′J ′), calculated using Eq. (20). The “weak” components with ∆F = −1 around 2pi(ωif−ω
NR) ∼ −1300
MHz, as well as those with ∆F = 1 around 1300 MHz (not shown on the plot) are suppressed by approximately 3 orders of
magnitude. The “strong” components with ∆F = 0 are spread over an interval of 200 MHz width around the center of the
hyperfine structure manifold.
Table III lists the energy shift ∆Ehfs and relative intensity Whfs(F ′J ′;FJ) of the strong components of a few E2
transitions of potential interest for precision spectroscopy. Note the much simpler structure of the ro-vibrational
transitions between levels with even L.
8TABLE III: Hyperfine shifts ∆Ehfs = Ehfs((v′L′)FJ ′)− Ehfs((vL)FJ), in MHz, and relative intensities Whfs(FJ ′;FJ) of the
”strong” components (F ′ = F ) in the hyperfine structure of selected E2 transitions in H+2 . The transitions marked in bold
have been identified in Refs. [3, 4] as being of particular interest in precision spectroscopy.
F J J ′ ∆Ehfs, MHz Whfs(F ′J ′;FJ)
(vL) = (00)→ (v′L′) = (12)
1/2 1/2 3/2 -59.35740 0.400000
1/2 1/2 5/2 39.57160 0.600000
(vL) = (01)→ (v′L′) = (11)
3/2 3/2 1/2 -103.95790 0.011052
3/2 5/2 1/2 -96.11068 0.099861
3/2 3/2 5/2 -20.69538 0.139966
3/2 3/2 3/2 -13.42782 0.071036
3/2 5/2 5/2 -12.84816 0.093333
3/2 1/2 1/2 -7.40299 0.000000
3/2 5/2 3/2 -5.58060 0.139968
1/2 1/2 3/2 4.97277 0.110877
1/2 1/2 1/2 23.50717 0.000000
1/2 3/2 3/2 24.64797 0.111017
1/2 3/2 1/2 43.18237 0.110888
3/2 1/2 5/2 75.85953 0.099849
3/2 1/2 3/2 83.12709 0.011051
(vL) = (02)→ (v′L′) = (12)
1/2 5/2 3/2 -101.51990 0.120000
1/2 5/2 5/2 -2.59090 0.480000
1/2 3/2 3/2 3.88635 0.280000
1/2 3/2 5/2 102.81535 0.120000
(vL) = (03)→ (v′L′) = (13)
3/2 7/2 3/2 -152.60051 0.005433
3/2 9/2 5/2 -93.57469 0.004237
3/2 5/2 3/2 -86.70920 0.043913
3/2 7/2 5/2 -75.84373 0.057349
3/2 9/2 7/2 -31.67871 0.051879
1/2 5/2 7/2 -21.08081 0.020469
3/2 9/2 9/2 -14.87429 0.181878
3/2 7/2 7/2 -13.94774 0.075715
3/2 5/2 5/2 -9.95241 0.037264
3/2 3/2 3/2 -4.62881 0.045714
3/2 7/2 9/2 2.85668 0.051873
1/2 5/2 5/2 22.61118 0.122044
1/2 7/2 7/2 25.36093 0.169874
3/2 5/2 7/2 51.94357 0.057341
3/2 5/2 9/2 68.74799 0.004235
1/2 7/2 5/2 69.05292 0.020471
3/2 3/2 5/2 72.12798 0.043926
3/2 3/2 7/2 134.02396 0.005433
C. Laser polarization effects
If the Zeeman structure is not resolved, for example if the magnetic field strength is small, Doppler broadening is
large, and the Jz-states are equally populated, the spectrum is independent of the polarization state of the driving laser
field, as expressed by Eq. 24. Very-high (sub-MHz) resolution spectroscopy of hydrogen molecular ions could further
distinguish the individual Zeeman-split components of the E2 transition lines. In that case, the polarization state of the
driving laser field becomes relevant, through the factorWpol. Each hyperfine transition line ((vL)FJ)→ ((v′L′)F ′J ′)
is split into a large number of components ((vL)FJJz)→ ((v′L′)F ′J ′J ′z). The Zeeman structure of one E2 transition
is illustrated in Fig. 2. The small number of hyperfine and Zeeman components of E2 transitions from or to L = 0
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FIG. 2: Zeeman structure of a (v, L = 0) → (v′, L = 2) transition line of H+2 . In presence of external magnetic field the
(F = J = 1/2)→ (F ′ = 1/2, J ′ = 3/2) hyperfine transition line (circled in the upper panel) is split into 8 Zeeman components
(lower panel) whose intensities, according to Eqs.(18),(23), depend strongly on geometry and on the polarization of the laser
radiation. For details, see also Table IV.
TABLE IV: Relative intensities Wpol(Jz, J
′
z) of the Zeeman components of the (v, L = 0, F = J = 1/2) → (v
′, L′ = 2, F ′ =
1/2, J ′ = 3/2) hyperfine transition, for linear and circular polarization of the incident light and a set of angles β between the
directions of the laser beam and the magnetic field (see Fig. 2). The values ofWpol(Jz, J
′
z) were calculated from Eq. (23), using
expressions (26,27) for the explicit dependence on the angle β. Note that the relative intensities depend only on the quantum
numbers J, Jz, J
′ and J ′z, and are independent of v, v
′, L, L′, the transition energy or the magnitude of the Zeeman shift.
Wpol(Jz, J
′
z)
linear polarization left circular polarization
n Jz J
′
z β = 0 pi/4 pi/3 pi/2 0 pi/4 pi/3 pi/2
1 1/2 3/2 0.1250 0. 0.0312 0.1250 0. 0.0312 0.0625 0.0625
2 1/2 1/2 0. 0.3750 0.2813 0. 0. 0.1875 0.1406 0.
3 1/2 −1/2 0.3750 0. 0.0938 0.3750 0.7500 0.0938 0. 0.1875
4 1/2 −3/2 0. 0.1250 0.0938 0. 0. 0.3643 0.4218 0.2500
5 −1/2 3/2 0. 0.1250 0.0938 0. 0. 0.0107 0.0469 0.2500
6 −1/2 1/2 0.3750 0. 0.0938 0.3750 0. 0.0938 0.1875 0.1875
7 −1/2 −1/2 0. 0.3750 0.2813 0. 0. 0.1875 0.1406 0.
8 −1/2 −3/2 0.1250 0. 0.0312 0.1250 0.2500 0.0313 0. 0.0625
states makes them particularly appropriate for precision spectroscopy. The linear and quadratic Zeeman shifts have
been calculated precisely and shown to be of the order of 1 kHz in a field of 1 Gauss for selected transitions [4, 21].
The relative intensities of the Zeeman components are described with the factor Wpol(Jz , J ′z) in Eqs. (18),(23)
and strongly depend on geometry and the polarization of the incident electromagnetic radiation. To investigate this
dependence we parameterize the complex unit vector ǫˆ = E0/|E0| pointing along the electric field amplitude E0 in
the following way. We denote by K the lab reference frame with z-axis along the external magnetic field B, by K ′ a
reference frame with z-axis along kˆ, and take the cartesian coordinates (ǫ′x, ǫ
′
y, ǫ
′
z) of ǫ in K
′ to be (cos θ, sin θ eiϕ, 0).
Linear polarization of the incident light is described by ϕ = 0; circular polarization – by ϕ = ±π/2, θ = π/4;
all other combinations correspond to general elliptic polarization. Let (α, β, γ) be the Euler angles of the rotation
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that transforms K into K ′, and denote by M(α, β, γ) the matrix relating the cartesian coordinates (ax, ay, az) and
(a′x, a
′
y, a
′
z) of an arbitrary vector a in K and K
′, respectively: ai =
∑
j Mij(α, β, γ) a
′
j . (To avoid mismatch of M
with M−1, note that, e.g. Mxz = − sinβ cos γ.) In this way, the absolute values of the components of T̂ in the lab
frame K, appearing in Eq. (23) are expressed in closed form in terms of the four angles α, β, θ, and ϕ (the dependence
on γ being cancelled). Since the general expressions are rather lengthy, we restrict ourselves here to the cases of main
interest for the experiment. We have:
(a) ϕ = 0 for linear polarization
|T̂ (2)0 |2 = 1
4
sin2 2β cos2(α− θ), (26)
|T̂ (2)±1|2 = 1
12
(
1 + sin2(α− θ) cos 2β + cos2(α− θ) cos 4β) ,
|T̂ (2)±2|2 = 1
24
sin2 β
(
3 + cos 2β − 2 sin2 β cos 2(α− θ)) ;
(b) θ = π/4, ϕ = π/2 for left circular polarization (l.c.p.)
| T̂ (2) 0 |2 = 1
8
sin2 2β, (27)
|T̂ (2) ±1|2 = 1
3
(
sin4 β/2
cos4 β/2
)
(1 ± 2 cosβ)2,
|T̂ (2) ±2|2 = 1
3
(
sin4 β/2
cos4 β/2
)
sin2 β.
For right circular polarization (r.c.p.), described by θ = π/4, ϕ = −π/2, the values of |T̂ (2)q|2 are obtained from the
above expressions with the substitution |T̂ (2)q(r.c.p.)|2 = |T̂ (2)−q(l.c.p.)|2.
It is worth stressing that the Eqs. (18)-(23) are valid for arbitrary angle β between the magnetic field and the laser
propagation direction.
IV. CONCLUSION
We derived the E2 transition spectrum of H+2 , including the first systematic consideration of the transition strength
and of the effects of the laser polarization. The matrix elements of the electric quadrupole transition moment, needed
for the evaluation of the laser-driven transition rates, have been calculated in a broad spectral range for a very large
number of transitions, using the most advanced computational methods. The numerical results agree with the results
of Refs. [10] and [11] wherever comparison is possible.
The results can be used in planning future experiments and in interpreting the spectroscopy data. The most basic
application of the results presented here is to estimate the laser intensity necessary to achieve a desired transition
rate.
The treatment we have given is applicable both to the situation when Doppler broadening is present and absent.
When it is present, then the individual hyperfine components and Zeeman components may not be resolved. Several
components will contribute to the spectroscopic signal even if the laser radiation is perfectly monochromatic. The
formula for the strengths of the individual components given here allows for producing a model of the Doppler-
broadened line profile which can be used in fitting the experimental signal. As the spectroscopy of MHI will develop
into the Doppler-free regime (Lamb-Dicke regime), the concept of Rabi frequency will become more relevant. This
can also easily be computed with the expressions given here.
The presented approach is applicable for any relative size of the hyperfine coefficients and mixing angles φ. Thus, it
can also be used for molecules, in which the coupling between electron spin and rotation (described by the coefficient
ce) is the strongest, opposite to the case in H
+
2 . An important example which is drawing substantial attention in
connection with spectroscopy in ion traps, is N+2 [7, 24]. Our treatment here is appropriate for the “fermionic”
isotopologue 15N+2 with nitrogen nuclear spin 1/2.
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Electric quadrupole transition in H+2
TABLE I: Non-relativistic E2 transition energies ∆ENR = ENRv′L′−E
NR
v′L′ ,
in cm−1, reduced matrix elements 〈v′L′||Q(2)||vL〉/ea20 of the electric
quadrupole moment of H+2 between non-relativistic states with 0 ≤ v ≤
10 and 0 ≤ L ≤ 6, in atomic units ea20 (a0 denoting the Bohr radius),
and Einstein’s coefficient Aif , in s
−1.
v, L→ v′, L′ ∆ENR, cm−1 〈 v′L′
∥
∥Q(2)
∥
∥vL〉 , a.u. Aif , s
−1
0,0→ 0,2 174.230 1.644960 0.973137[−11]
0,0→ 1,2 2356.154 −0.313846 0.160207[−06]
0,0→ 2,2 4411.180 −0.028919 0.312877[−07]
0,0→ 3,2 6343.488 −0.004652 0.497870[−08]
0,0→ 4,2 8156.596 −0.001048 0.888671[−09]
0,0→ 5,2 9853.380 −0.000298 0.185072[−09]
0,0→ 6,2 11436.088 −0.000100 0.441771[−10]
0,1→ 0,3 288.850 2.217064 0.158133[−09]
0,1→ 1,1 2188.034 0.376163 0.264911[−06]
0,1→ 1,3 2461.655 −0.395911 0.226689[−06]
0,1→ 2,1 4248.963 0.028875 0.431045[−07]
0,1→ 2,3 4507.874 −0.040697 0.493277[−07]
0,1→ 3,1 6186.994 0.004044 0.553479[−08]
0,1→ 3,3 6431.638 −0.007056 0.876641[−08]
0,1→ 4,1 8005.679 0.000792 0.770296[−09]
0,1→ 4,3 8236.419 −0.001698 0.174838[−08]
0,1→ 5,1 9707.923 0.000192 0.118641[−09]
0,1→ 5,3 9925.054 0.000514 0.407798[−09]
0,1→ 6,1 11296.004 −0.000053 0.190618[−10]
0,1→ 6,3 11499.735 −0.000185 0.109707[−09]
0,2→ 0,4 401.208 2.668039 0.920844[−09]
0,2→ 1,0 2016.868 −0.373540 0.521508[−06]
0,2→ 1,2 2181.924 0.411812 0.187856[−06]
0,2→ 1,4 2561.944 −0.443985 0.270732[−06]
0,2→ 2,0 4080.758 −0.023126 0.677783[−07]
0,2→ 2,2 4236.950 0.031686 0.307072[−07]
0,2→ 2,4 4596.501 −0.050500 0.651144[−07]
0,2→ 3,0 6021.660 −0.002661 0.627797[−08]
0,2→ 3,2 6169.258 0.004448 0.396055[−08]
0,2→ 3,4 6508.950 0.009347 0.127026[−07]
0,2→ 4,0 7843.141 −0.000398 0.525576[−09]
0,2→ 4,2 7982.366 0.000874 0.554230[−09]
0,2→ 4,4 8302.707 0.002372 0.276245[−08]
0,2→ 5,0 9548.122 −0.000058 0.296012[−10]
0,2→ 5,2 9679.150 0.000213 0.860557[−10]
0,2→ 5,4 9980.539 −0.000753 0.699088[−09]
0,2→ 6,2 11261.857 0.000059 0.140120[−10]
0,2→ 6,4 11544.587 −0.000282 0.203541[−09]
0,3→ 0,5 510.478 3.065234 0.331604[−08]
0,3→ 1,1 1899.184 −0.529496 0.258605[−06]
0,3→ 1,3 2172.804 0.473113 0.173434[−06]
0,3→ 1,5 2656.265 0.473145 0.301407[−06]
0,3→ 2,1 3960.113 −0.027758 0.280160[−07]
0,3→ 2,3 4219.023 0.036532 0.285437[−07]
0,3→ 2,5 4676.379 −0.059153 0.796725[−07]
0,3→ 3,1 5898.144 −0.002632 0.184573[−08]
0,3→ 3,3 6142.788 0.005146 0.370583[−08]
0,3→ 3,5 6574.810 0.011606 0.168506[−07]
0,3→ 4,1 7716.829 −0.000253 0.652655[−10]
0,3→ 4,3 7947.568 0.001015 0.522753[−09]
0,3→ 4,5 8354.897 0.003080 0.393231[−08]
Continued on next page
2TABLE I – Continued from previous page
v, L→ v′, L′ ∆ENR, cm−1 〈 v′L′
∥
∥Q(2)
∥
∥vL〉 , a.u. A21, s
−1
0,3→ 5,1 9419.072 0.000020 0.112737[−11]
0,3→ 5,3 9636.203 −0.000249 0.821237[−10]
0,3→ 5,5 10019.341 0.001015 0.105967[−08]
0,3→ 6,1 11007.153 −0.000039 0.925494[−11]
0,3→ 6,3 11210.885 0.000069 0.136296[−10]
0,3→ 6,5 11570.191 −0.000393 0.326803[−09]
0,4→ 0,6 615.914 3.433873 0.900366[−08]
0,4→ 1,2 1780.715 −0.667785 0.178844[−06]
0,4→ 1,4 2160.736 0.532982 0.166490[−06]
0,4→ 1,6 2743.965 0.489262 0.320799[−06]
0,4→ 2,2 3835.741 −0.028888 0.155208[−07]
0,4→ 2,4 4195.293 0.041347 0.276482[−07]
0,4→ 2,6 4746.934 −0.066873 0.928579[−07]
0,4→ 3,2 5768.050 −0.002013 0.579405[−09]
0,4→ 3,4 6107.742 −0.005851 0.362052[−08]
0,4→ 3,6 6628.719 0.013833 0.210986[−07]
0,4→ 4,2 7581.158 0.000022 0.280067[−12]
0,4→ 4,4 7901.499 −0.001160 0.516004[−09]
0,4→ 4,6 8392.570 0.003817 0.522541[−08]
0,4→ 5,2 9277.941 0.000133 0.274148[−10]
0,4→ 5,4 9579.331 0.000286 0.822770[−10]
0,4→ 5,6 10041.095 −0.001298 0.148148[−08]
0,4→ 6,2 10860.649 0.000089 0.270125[−10]
0,4→ 6,4 11143.379 0.000081 0.139808[−10]
0,4→ 6,6 11576.255 0.000516 0.477744[−09]
0,5→ 1,3 1662.327 −0.801297 0.130397[−06]
0,5→ 1,5 2145.787 −0.590289 0.161388[−06]
0,5→ 2,3 3708.545 −0.027590 0.854349[−08]
0,5→ 2,5 4165.901 0.046058 0.270990[−07]
0,5→ 3,3 5632.310 −0.000999 0.905859[−10]
0,5→ 3,5 6064.332 −0.006553 0.358586[−08]
0,5→ 4,3 7437.090 0.000380 0.524742[−10]
0,5→ 4,5 7844.420 −0.001308 0.517393[−09]
0,5→ 5,3 9125.726 −0.000267 0.724467[−10]
0,5→ 5,5 9508.862 −0.000326 0.839520[−10]
0,5→ 6,3 10700.406 0.000146 0.475315[−10]
0,5→ 6,5 11059.713 0.000093 0.146562[−10]
0,6→ 1,4 1544.822 −0.934531 0.956175[−07]
0,6→ 1,6 2128.052 −0.645658 0.156737[−06]
0,6→ 2,4 3579.380 −0.024258 0.430251[−08]
0,6→ 2,6 4131.020 0.050721 0.266641[−07]
0,6→ 3,4 5491.828 −0.000316 0.622485[−11]
0,6→ 3,6 6012.806 −0.007263 0.357142[−08]
0,6→ 4,4 7285.585 −0.000794 0.161116[−09]
0,6→ 4,6 7776.657 −0.001460 0.522583[−09]
0,6→ 5,4 8963.417 0.000414 0.123564[−09]
0,6→ 5,6 9425.181 0.000367 0.864640[−10]
0,6→ 6,4 10527.466 0.000205 0.674579[−10]
0,6→ 6,6 10960.342 −0.000107 0.155569[−10]
1,0→ 1,2 165.056 1.878283 0.968053[−11]
1,0→ 2,2 2220.082 −0.463388 0.259397[−06]
1,0→ 3,2 4152.390 −0.053268 0.784599[−07]
1,0→ 4,2 5965.499 −0.009970 0.168227[−07]
1,0→ 5,2 7662.283 −0.002518 0.375135[−08]
1,0→ 6,2 9244.990 −0.000787 0.936967[−09]
1,0→ 7,2 10715.226 0.000288 0.262071[−09]
1,1→ 1,3 273.621 2.529827 0.157047[−09]
1,1→ 2,1 2060.930 0.558279 0.432610[−06]
1,1→ 2,3 2319.839 −0.582238 0.364412[−06]
1,1→ 3,1 3998.960 0.053772 0.110389[−06]
1,1→ 3,3 4243.604 −0.074474 0.122120[−06]
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1,1→ 4,1 5817.645 0.008840 0.194393[−07]
1,1→ 4,3 6048.385 −0.014975 0.290407[−07]
1,1→ 5,1 7519.889 0.001966 0.346911[−08]
1,1→ 5,3 7737.020 0.004022 0.717657[−08]
1,1→ 6,1 9107.970 −0.000535 0.669334[−09]
1,1→ 6,3 9311.701 −0.001332 0.198600[−08]
1,1→ 7,1 10583.523 0.000166 0.136384[−09]
1,1→ 7,3 10773.992 −0.000515 0.617027[−09]
1,2→ 1,4 380.020 3.041389 0.912286[−09]
1,2→ 2,0 1898.834 −0.556825 0.857180[−06]
1,2→ 2,2 2055.026 0.611144 0.306623[−06]
1,2→ 2,4 2414.578 −0.650060 0.431588[−06]
1,2→ 3,0 3839.736 −0.043647 0.178077[−06]
1,2→ 3,2 3987.334 0.059005 0.785998[−07]
1,2→ 3,4 4327.026 0.091847 0.159235[−06]
1,2→ 4,0 5661.216 −0.006002 0.234622[−07]
1,2→ 4,2 5800.442 0.009722 0.139011[−07]
1,2→ 4,4 6120.783 0.019673 0.413742[−07]
1,2→ 5,0 7366.198 −0.001063 0.274207[−08]
1,2→ 5,2 7497.227 0.002168 0.249300[−08]
1,2→ 5,4 7798.615 −0.005559 0.110939[−07]
1,2→ 6,0 8956.972 −0.000200 0.257719[−09]
1,2→ 6,2 9079.935 0.000592 0.484237[−09]
1,2→ 6,4 9362.663 −0.001923 0.331170[−08]
1,2→ 7,0 10435.189 0.000024 0.812727[−11]
1,2→ 7,2 10550.170 −0.000184 0.996585[−10]
1,2→ 7,4 10814.419 0.000775 0.110573[−08]
1,3→ 1,5 483.461 −3.489627 0.327474[−08]
1,3→ 2,1 1787.308 −0.791270 0.426310[−06]
1,3→ 2,3 2046.218 0.702042 0.282871[−06]
1,3→ 2,5 2503.575 −0.689362 0.475887[−06]
1,3→ 3,1 3725.339 −0.052980 0.751841[−07]
1,3→ 3,3 3969.983 0.068023 0.730063[−07]
1,3→ 3,5 4402.005 0.106955 0.192514[−06]
1,3→ 4,1 5544.023 −0.006157 0.741224[−08]
1,3→ 4,3 5774.764 0.011246 0.129946[−07]
1,3→ 4,5 6182.093 0.024250 0.540663[−07]
1,3→ 5,1 7246.268 −0.000789 0.464705[−09]
1,3→ 5,3 7463.399 −0.002517 0.234725[−08]
1,3→ 5,5 7846.535 0.007157 0.155099[−07]
1,3→ 6,1 8834.349 0.000027 0.141775[−11]
1,3→ 6,3 9038.080 0.000691 0.460382[−09]
1,3→ 6,5 9397.387 −0.002566 0.491371[−08]
1,3→ 7,1 10309.902 0.000071 0.218947[−10]
1,3→ 7,3 10500.371 0.000217 0.961302[−10]
1,3→ 7,5 10836.066 0.001067 0.173120[−08]
1,4→ 1,6 583.229 −3.903136 0.885698[−08]
1,4→ 2,2 1675.006 −1.000102 0.295394[−06]
1,4→ 2,4 2034.557 0.790770 0.271273[−06]
1,4→ 2,6 2586.198 −0.708960 0.500967[−06]
1,4→ 3,2 3607.314 −0.055927 0.427952[−07]
1,4→ 3,4 3947.006 −0.076982 0.706445[−07]
1,4→ 3,6 4467.984 0.120225 0.221719[−06]
1,4→ 4,2 5420.422 −0.005056 0.267889[−08]
1,4→ 4,4 5740.763 −0.012784 0.126797[−07]
1,4→ 4,6 6231.835 0.028717 0.667728[−07]
1,4→ 5,2 7117.207 −0.000203 0.169356[−10]
1,4→ 5,4 7418.595 0.002875 0.231175[−08]
1,4→ 5,6 7880.359 −0.008804 0.202927[−07]
1,4→ 6,2 8699.914 0.000241 0.646408[−10]
1,4→ 6,4 8982.644 0.000794 0.459079[−09]
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1,4→ 6,6 9415.520 0.003254 0.675074[−08]
1,4→ 7,2 10170.149 −0.000199 0.962644[−10]
1,4→ 7,4 10434.399 −0.000252 0.976226[−10]
1,4→ 7,6 10838.635 0.001388 0.248188[−08]
1,5→ 2,3 1562.758 1.202321 0.215575[−06]
1,5→ 2,5 2020.114 −0.875645 0.262629[−06]
1,5→ 3,3 3486.522 0.054463 0.244493[−07]
1,5→ 3,5 3918.545 0.085743 0.691549[−07]
1,5→ 4,3 5291.303 0.003113 0.643297[−09]
1,5→ 4,5 5698.632 0.014316 0.125397[−07]
1,5→ 5,3 6979.938 0.000581 0.896252[−10]
1,5→ 5,5 7363.075 0.003239 0.231188[−08]
1,5→ 6,3 8554.620 −0.000564 0.233302[−09]
1,5→ 6,5 8913.926 −0.000902 0.465894[−09]
1,5→ 7,3 10016.910 −0.000345 0.191775[−09]
1,5→ 7,5 10352.605 0.000289 0.101197[−09]
1,6→ 2,4 1451.328 1.404509 0.158064[−06]
1,6→ 2,6 2002.969 −0.957591 0.254675[−06]
1,6→ 3,4 3363.777 −0.049299 0.130245[−07]
1,6→ 3,6 3884.754 0.094415 0.679443[−07]
1,6→ 4,4 5157.534 −0.000522 0.123797[−10]
1,6→ 4,6 5648.605 0.015864 0.124679[−07]
1,6→ 5,4 6835.366 −0.001507 0.421920[−09]
1,6→ 5,6 7297.129 −0.003614 0.232825[−08]
1,6→ 6,4 8399.414 −0.000924 0.443817[−09]
1,6→ 6,6 8832.290 0.001015 0.477017[−09]
1,6→ 7,4 9851.170 0.000501 0.289638[−09]
1,6→ 7,6 10255.404 0.000329 0.106072[−09]
2,0→ 2,2 156.191 2.129388 0.944158[−11]
2,0→ 3,2 2088.500 −0.591802 0.311714[−06]
2,0→ 4,2 3901.608 −0.080164 0.130139[−06]
2,0→ 5,2 5598.392 −0.016947 0.353783[−07]
2,0→ 6,2 7181.100 −0.004707 0.947788[−08]
2,0→ 7,2 8651.335 0.001594 0.275924[−08]
2,0→ 8,2 10010.054 0.000627 0.883964[−09]
2,1→ 2,3 258.910 2.866336 0.152934[−09]
2,1→ 3,1 1938.031 0.716789 0.524404[−06]
2,1→ 3,3 2182.674 −0.740545 0.434660[−06]
2,1→ 4,1 3756.715 0.081792 0.186873[−06]
2,1→ 4,3 3987.455 −0.111358 0.199998[−06]
2,1→ 5,1 5458.959 0.015308 0.424112[−07]
2,1→ 5,3 5676.090 0.025210 0.599070[−07]
2,1→ 6,1 7047.041 −0.003786 0.930157[−08]
2,1→ 6,3 7250.771 −0.007420 0.176529[−07]
2,1→ 7,1 8522.594 0.001136 0.216682[−08]
2,1→ 7,3 8713.062 −0.002650 0.564057[−08]
2,1→ 8,1 9886.608 0.000390 0.536120[−09]
2,1→ 8,3 10063.865 −0.001096 0.198279[−08]
2,2→ 2,4 359.552 3.442929 0.886366[−09]
2,2→ 3,0 1784.710 −0.718137 0.104581[−05]
2,2→ 3,2 1932.309 0.784615 0.371470[−06]
2,2→ 3,4 2272.000 0.823019 0.510293[−06]
2,2→ 4,0 3606.191 −0.067245 0.308863[−06]
2,2→ 4,2 3745.417 0.089749 0.132982[−06]
2,2→ 4,4 4065.757 0.136499 0.257588[−06]
2,2→ 5,0 5311.172 −0.010697 0.541621[−07]
2,2→ 5,2 5442.201 0.016836 0.303089[−07]
2,2→ 5,4 5743.590 −0.032849 0.839310[−07]
2,2→ 6,0 6901.945 −0.002177 0.831359[−08]
2,2→ 6,2 7024.909 0.004174 0.667731[−08]
2,2→ 6,4 7307.638 −0.010149 0.267128[−07]
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2,2→ 7,0 8380.164 0.000494 0.112758[−08]
2,2→ 7,2 8495.144 −0.001256 0.156441[−08]
2,2→ 7,4 8759.394 0.003778 0.915889[−08]
2,2→ 8,0 9746.834 0.000101 0.100076[−09]
2,2→ 8,2 9853.862 −0.000433 0.390124[−09]
2,2→ 8,4 10099.691 −0.001622 0.343842[−08]
2,3→ 2,5 457.356 3.945834 0.317219[−08]
2,3→ 3,1 1679.121 −1.023101 0.521585[−06]
2,3→ 3,3 1923.765 0.901230 0.342398[−06]
2,3→ 3,5 2355.787 0.868300 0.556965[−06]
2,3→ 4,1 3497.805 −0.082484 0.132984[−06]
2,3→ 4,3 3728.546 0.103462 0.123412[−06]
2,3→ 4,5 4135.875 0.158017 0.307645[−06]
2,3→ 5,1 5200.050 −0.011323 0.181984[−07]
2,3→ 5,3 5417.180 −0.019474 0.283056[−07]
2,3→ 5,5 5800.317 0.040202 0.108035[−06]
2,3→ 6,1 6788.130 0.001801 0.174473[−08]
2,3→ 6,3 6991.862 0.004846 0.627739[−08]
2,3→ 6,5 7351.168 −0.012955 0.366825[−07]
2,3→ 7,1 8263.685 −0.000203 0.595662[−10]
2,3→ 7,3 8454.153 0.001465 0.148297[−08]
2,3→ 7,5 8789.848 0.004991 0.133071[−07]
2,3→ 8,1 9627.699 0.000074 0.169437[−10]
2,3→ 8,3 9804.955 0.000508 0.374059[−09]
2,3→ 8,5 10117.099 −0.002206 0.525307[−08]
2,4→ 2,6 551.640 4.407270 0.854831[−08]
2,4→ 3,2 1572.757 −1.296004 0.362035[−06]
2,4→ 3,4 1912.449 −1.015008 0.327979[−06]
2,4→ 3,6 2433.426 0.887838 0.579449[−06]
2,4→ 4,2 3385.865 −0.088219 0.775706[−07]
2,4→ 4,4 3706.205 −0.117082 0.119284[−06]
2,4→ 4,6 4197.277 0.176595 0.349988[−06]
2,4→ 5,2 5082.648 −0.009830 0.734161[−08]
2,4→ 5,4 5384.038 0.022136 0.275858[−07]
2,4→ 5,6 5845.801 −0.047298 0.131570[−06]
2,4→ 6,2 6665.356 −0.000841 0.208476[−09]
2,4→ 6,4 6948.085 0.005534 0.617050[−08]
2,4→ 6,6 7380.962 0.015823 0.472482[−07]
2,4→ 7,2 8135.592 −0.000278 0.616578[−10]
2,4→ 7,4 8399.842 −0.001683 0.147332[−08]
2,4→ 7,6 8804.076 0.006279 0.179655[−07]
2,4→ 8,2 9494.312 −0.000321 0.177982[−09]
2,4→ 8,4 9740.141 0.000588 0.377016[−09]
2,4→ 8,6 10115.788 −0.002845 0.738526[−08]
2,5→ 3,3 1466.408 −1.561084 0.264379[−06]
2,5→ 3,5 1898.431 −1.123786 0.317065[−06]
2,5→ 4,3 3271.189 −0.087407 0.457852[−07]
2,5→ 4,5 3678.519 −0.130398 0.116604[−06]
2,5→ 5,3 4959.824 0.006918 0.229843[−08]
2,5→ 5,5 5342.961 −0.024789 0.272407[−07]
2,5→ 6,3 6534.506 0.000493 0.462405[−10]
2,5→ 6,5 6893.812 0.006232 0.615681[−08]
2,5→ 7,3 7996.796 0.000876 0.401369[−09]
2,5→ 7,5 8332.492 −0.001908 0.148879[−08]
2,5→ 8,3 9347.600 0.000609 0.423794[−09]
2,5→ 8,5 9659.741 0.000673 0.387462[−09]
2,6→ 3,4 1360.808 1.826671 0.193759[−06]
2,6→ 3,6 1881.786 −1.228742 0.306922[−06]
2,6→ 4,4 3154.565 0.081102 0.255689[−07]
2,6→ 4,6 3645.637 −0.143580 0.114369[−06]
2,6→ 5,4 4832.397 −0.002905 0.276712[−09]
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2,6→ 5,6 5294.161 0.027471 0.270383[−07]
2,6→ 6,4 6396.445 0.002095 0.584938[−09]
2,6→ 6,6 6829.322 −0.006952 0.618460[−08]
2,6→ 7,4 7848.201 −0.001551 0.890990[−09]
2,6→ 7,6 8252.436 −0.002145 0.151716[−08]
2,6→ 8,4 9188.499 0.000922 0.693093[−09]
2,6→ 8,6 9564.147 0.000764 0.402335[−09]
3,0→ 3,2 147.599 2.400112 0.903844[−11]
3,0→ 4,2 1960.707 −0.711777 0.328835[−06]
3,0→ 5,2 3657.491 −0.110214 0.178081[−06]
3,0→ 6,2 5240.198 −0.025856 0.591705[−07]
3,0→ 7,2 6710.434 0.007804 0.185605[−07]
3,0→ 8,2 8069.153 0.002838 0.617137[−08]
3,0→ 9,2 9316.627 0.001190 0.222588[−08]
3,1→ 3,3 244.644 3.229053 0.146188[−09]
3,1→ 4,1 1818.685 0.866875 0.558184[−06]
3,1→ 4,3 2049.425 −0.886868 0.454966[−06]
3,1→ 5,1 3520.929 0.113638 0.260864[−06]
3,1→ 5,3 3738.060 0.152122 0.270221[−06]
3,1→ 6,1 5109.010 −0.023779 0.734777[−07]
3,1→ 6,3 5312.741 −0.038103 0.983115[−07]
3,1→ 7,1 6584.563 0.006455 0.192521[−07]
3,1→ 7,3 6775.032 −0.012145 0.336857[−07]
3,1→ 8,1 7948.578 0.002110 0.527383[−08]
3,1→ 8,3 8125.834 −0.004638 0.121908[−07]
3,1→ 9,1 9201.367 0.000790 0.153660[−08]
3,1→ 9,3 9365.365 −0.002035 0.477383[−08]
3,2→ 3,4 339.692 −3.875594 0.845410[−09]
3,2→ 4,0 1673.882 −0.872538 0.112045[−05]
3,2→ 4,2 1813.108 0.948851 0.395133[−06]
3,2→ 4,4 2133.448 0.980891 0.529187[−06]
3,2→ 5,0 3378.863 −0.094585 0.441267[−06]
3,2→ 5,2 3509.892 0.124692 0.185513[−06]
3,2→ 5,4 3811.281 −0.185326 0.343703[−06]
3,2→ 6,0 4969.637 −0.017064 0.988464[−07]
3,2→ 6,2 5092.600 0.026153 0.524753[−07]
3,2→ 6,4 5375.329 −0.049248 0.135446[−06]
3,2→ 7,0 6447.855 0.003914 0.191253[−07]
3,2→ 7,2 6562.835 −0.007116 0.138080[−07]
3,2→ 7,4 6827.085 0.016445 0.499091[−07]
3,2→ 8,0 7814.525 0.001027 0.344232[−08]
3,2→ 8,2 7921.554 −0.002333 0.380155[−08]
3,2→ 8,4 8167.383 −0.006531 0.192875[−07]
3,2→ 9,0 9069.977 −0.000274 0.517618[−09]
3,2→ 9,2 9169.027 −0.000876 0.111453[−08]
3,2→ 9,4 9396.368 −0.002967 0.802137[−08]
3,3→ 3,5 432.022 −4.437188 0.301692[−08]
3,3→ 4,1 1574.041 −1.246345 0.560319[−06]
3,3→ 4,3 1804.781 1.089790 0.363841[−06]
3,3→ 4,5 2212.110 1.029225 0.571298[−06]
3,3→ 5,1 3276.285 −0.117175 0.193491[−06]
3,3→ 5,3 3493.416 −0.143741 0.171993[−06]
3,3→ 5,5 3876.552 0.213258 0.405364[−06]
3,3→ 6,1 4864.366 0.018567 0.350486[−07]
3,3→ 6,3 5068.098 0.030252 0.489588[−07]
3,3→ 6,5 5427.404 −0.059839 0.171688[−06]
3,3→ 7,1 6339.919 −0.003507 0.470418[−08]
3,3→ 7,3 6530.388 0.008260 0.129634[−07]
3,3→ 7,5 6866.083 0.020814 0.673104[−07]
3,3→ 8,1 7703.934 −0.000613 0.380851[−09]
3,3→ 8,3 7881.190 0.002718 0.359496[−08]
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3,3→ 8,5 8193.333 −0.008544 0.274427[−07]
3,3→ 9,3 9120.722 0.001026 0.106386[−08]
3,3→ 9,5 9409.207 −0.003991 0.119614[−07]
3,4→ 3,6 520.978 4.949957 0.810126[−08]
3,4→ 4,2 1473.416 1.582451 0.389506[−06]
3,4→ 4,4 1793.757 1.227248 0.348047[−06]
3,4→ 4,6 2284.829 −1.045877 0.586793[−06]
3,4→ 5,2 3170.200 0.126846 0.115403[−06]
3,4→ 5,4 3471.589 −0.162661 0.166021[−06]
3,4→ 5,6 3933.353 0.236917 0.455264[−06]
3,4→ 6,2 4752.908 0.016867 0.154553[−07]
3,4→ 6,4 5035.637 −0.034390 0.476524[−07]
3,4→ 6,6 5468.513 −0.069940 0.206089[−06]
3,4→ 7,2 6223.144 −0.002137 0.954900[−09]
3,4→ 7,4 6487.393 0.009432 0.127205[−07]
3,4→ 7,6 6891.628 −0.025240 0.853176[−07]
3,4→ 8,2 7581.862 0.000142 0.113435[−10]
3,4→ 8,4 7827.692 −0.003120 0.356080[−08]
3,4→ 8,6 8203.339 0.010664 0.363968[−07]
3,4→ 9,2 8829.336 0.000415 0.207123[−09]
3,4→ 9,4 9056.677 −0.001186 0.106628[−08]
3,4→ 9,6 9403.580 −0.005102 0.164875[−07]
3,5→ 4,3 1372.758 1.909980 0.284531[−06]
3,5→ 4,5 1780.088 1.358603 0.335891[−06]
3,5→ 5,3 3061.394 −0.127652 0.701055[−07]
3,5→ 5,5 3444.530 0.181159 0.162023[−06]
3,5→ 6,3 4636.075 0.013022 0.581037[−08]
3,5→ 6,5 4995.381 −0.038516 0.469820[−07]
3,5→ 7,3 6098.366 0.000146 0.286410[−11]
3,5→ 7,5 6434.061 0.010622 0.126661[−07]
3,5→ 8,3 7449.168 −0.001108 0.450814[−09]
3,5→ 8,5 7761.311 −0.003536 0.358553[−08]
3,5→ 9,3 8688.699 −0.000910 0.656684[−09]
3,5→ 9,5 8977.185 −0.001354 0.108879[−08]
3,6→ 4,4 1272.779 −2.238873 0.208343[−06]
3,6→ 4,6 1763.851 1.485278 0.324475[−06]
3,6→ 5,4 2950.612 0.121012 0.407541[−07]
3,6→ 5,6 3412.375 −0.199474 0.158604[−06]
3,6→ 6,4 4514.660 0.007504 0.131422[−08]
3,6→ 6,6 4947.536 0.042692 0.465468[−07]
3,6→ 7,4 5966.416 0.002299 0.497266[−09]
3,6→ 7,6 6370.650 0.011850 0.126937[−07]
3,6→ 8,4 7306.714 −0.002218 0.127476[−08]
3,6→ 8,6 7682.362 −0.003973 0.363965[−08]
3,6→ 9,4 8535.699 −0.001457 0.119678[−08]
3,6→ 9,6 8882.603 0.001535 0.112269[−08]
4,0→ 4,2 139.226 2.692786 0.849610[−11]
4,0→ 5,2 1836.010 −0.828044 0.320414[−06]
4,0→ 6,2 3418.718 −0.143873 0.216522[−06]
4,0→ 7,2 4888.954 0.037050 0.858770[−07]
4,0→ 8,2 6247.672 0.012057 0.309956[−07]
4,0→ 9,2 7495.146 0.004679 0.115975[−07]
4,0→10,2 8630.933 −0.002081 0.464648[−08]
4,1→ 4,3 230.740 3.621104 0.137216[−09]
4,1→ 5,1 1702.245 1.014344 0.548982[−06]
4,1→ 5,3 1919.375 1.027077 0.439649[−06]
4,1→ 6,1 3290.325 −0.149894 0.323473[−06]
4,1→ 6,3 3494.057 −0.197305 0.324360[−06]
4,1→ 7,1 4765.879 0.034672 0.110343[−06]
4,1→ 7,3 4956.348 −0.054092 0.140016[−06]
4,1→ 8,1 6129.893 0.010240 0.338811[−07]
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4,1→ 8,3 6307.150 −0.018532 0.548415[−07]
4,1→ 9,1 7382.683 0.003616 0.107072[−07]
4,1→ 9,3 7546.680 −0.007523 0.221644[−07]
4,1→10,1 8523.839 0.001462 0.359040[−08]
4,1→10,3 8674.431 0.003487 0.955236[−08]
4,2→ 4,4 320.341 −4.343118 0.791818[−09]
4,2→ 5,0 1565.756 −1.025925 0.110931[−05]
4,2→ 5,2 1696.784 1.110218 0.388312[−06]
4,2→ 5,4 1998.173 −1.130139 0.506277[−06]
4,2→ 6,0 3156.529 −0.126263 0.559501[−06]
4,2→ 6,2 3279.492 0.164474 0.229857[−06]
4,2→ 6,4 3562.221 −0.238875 0.407290[−06]
4,2→ 7,0 4634.747 0.025506 0.155812[−06]
4,2→ 7,2 4749.728 −0.038135 0.787466[−07]
4,2→ 7,4 5013.978 0.069349 0.189651[−06]
4,2→ 8,0 6001.417 0.006509 0.369359[−07]
4,2→ 8,2 6108.446 −0.011289 0.242775[−07]
4,2→ 8,4 6354.275 −0.024842 0.795543[−07]
4,2→ 9,0 7256.869 −0.001927 0.836835[−08]
4,2→ 9,2 7355.920 −0.003997 0.770702[−08]
4,2→ 9,4 7583.260 −0.010465 0.341781[−07]
4,2→10,0 8400.715 −0.000615 0.177106[−08]
4,2→10,2 8491.707 0.001621 0.259767[−08]
4,2→10,4 8700.338 −0.005009 0.155634[−07]
4,3→ 4,5 407.329 −4.967938 0.281766[−08]
4,3→ 5,1 1471.504 −1.469481 0.556177[−06]
4,3→ 5,3 1688.635 −1.275046 0.357134[−06]
4,3→ 5,5 2071.772 1.178888 0.540082[−06]
4,3→ 6,1 3059.585 0.157902 0.249554[−06]
4,3→ 6,3 3263.316 0.189603 0.212856[−06]
4,3→ 6,5 3622.623 −0.273190 0.474079[−06]
4,3→ 7,1 4535.139 −0.028445 0.579477[−07]
4,3→ 7,3 4725.607 0.044118 0.733891[−07]
4,3→ 7,5 5061.302 0.083651 0.236623[−06]
4,3→ 8,1 5899.153 −0.006211 0.102877[−07]
4,3→ 8,3 6076.410 0.013105 0.227632[−07]
4,3→ 8,5 6388.553 −0.031179 0.105329[−06]
4,3→ 9,1 7151.942 −0.001407 0.138385[−08]
4,3→ 9,3 7315.940 0.004657 0.727319[−08]
4,3→ 9,5 7604.426 −0.013560 0.476081[−07]
4,3→10,1 8293.098 −0.000225 0.739370[−10]
4,3→10,3 8443.690 −0.001897 0.247071[−08]
4,3→10,5 8708.224 −0.006665 0.226499[−07]
4,4→ 4,6 491.072 5.535903 0.753983[−08]
4,4→ 5,2 1376.443 1.870290 0.387115[−06]
4,4→ 5,4 1677.833 −1.435756 0.341085[−06]
4,4→ 5,6 2139.596 1.189903 0.546937[−06]
4,4→ 6,2 2959.151 0.172877 0.151894[−06]
4,4→ 6,4 3241.881 −0.214564 0.205144[−06]
4,4→ 6,6 3674.757 −0.301622 0.525200[−06]
4,4→ 7,2 4429.387 −0.026842 0.275164[−07]
4,4→ 7,4 4693.637 0.050162 0.713278[−07]
4,4→ 7,6 5097.872 −0.097116 0.279757[−06]
4,4→ 8,2 5788.105 −0.004433 0.285998[−08]
4,4→ 8,4 6033.935 −0.014968 0.222995[−07]
4,4→ 8,6 6409.583 0.037533 0.131291[−06]
4,4→ 9,2 7035.579 −0.000325 0.408101[−10]
4,4→ 9,4 7262.919 −0.005345 0.718511[−08]
4,4→ 9,6 7609.823 −0.016792 0.619912[−07]
4,4→10,2 8171.367 −0.000409 0.136211[−09]
4,4→10,4 8379.997 −0.002190 0.246535[−08]
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4,4→10,6 8697.766 −0.008446 0.305905[−07]
4,5→ 5,3 1281.306 −2.262216 0.282769[−06]
4,5→ 5,5 1664.442 1.589276 0.328509[−06]
4,5→ 6,3 2855.987 0.176462 0.946640[−07]
4,5→ 6,5 3215.293 −0.238976 0.199810[−06]
4,5→ 7,3 4318.278 0.022203 0.118432[−07]
4,5→ 7,5 4653.973 0.056196 0.701990[−07]
4,5→ 8,3 5669.081 0.001698 0.269970[−09]
4,5→ 8,5 5981.223 −0.016862 0.221593[−07]
4,5→ 9,3 6908.611 −0.001109 0.309701[−09]
4,5→ 9,5 7197.097 −0.006057 0.721295[−08]
4,5→10,3 8036.361 0.001188 0.757300[−09]
4,5→10,5 8300.894 −0.002498 0.250452[−08]
4,6→ 5,4 1186.760 2.656746 0.206763[−06]
4,6→ 5,6 1648.524 −1.737271 0.316567[−06]
4,6→ 6,4 2750.808 0.170472 0.569593[−07]
4,6→ 6,6 3183.685 0.263152 0.195128[−06]
4,6→ 7,4 4202.564 −0.015183 0.376065[−08]
4,6→ 7,6 4606.799 0.062310 0.694016[−07]
4,6→ 8,4 5542.862 −0.001746 0.198431[−09]
4,6→ 8,6 5918.511 −0.018819 0.221561[−07]
4,6→ 9,4 6771.848 −0.002788 0.137770[−08]
4,6→ 9,6 7118.751 0.006807 0.729706[−08]
4,6→10,4 7888.925 −0.002064 0.162029[−08]
4,6→10,6 8206.693 0.002830 0.256804[−08]
5,0→ 5,2 131.029 3.010423 0.784003[−11]
5,0→ 6,2 1713.736 −0.942998 0.294423[−06]
5,0→ 7,2 3183.972 0.181605 0.241730[−06]
5,0→ 8,2 4542.690 0.050985 0.112636[−06]
5,0→ 9,2 5790.164 0.017807 0.462259[−07]
5,0→10,2 6925.952 −0.007344 0.192527[−07]
5,1→ 5,3 217.131 −4.046529 0.126435[−09]
5,1→ 6,1 1588.081 −1.162310 0.509430[−06]
5,1→ 6,3 1791.812 −1.164009 0.400385[−06]
5,1→ 7,1 3063.634 0.191182 0.368263[−06]
5,1→ 7,3 3254.103 −0.247426 0.357396[−06]
5,1→ 8,1 4427.649 0.048535 0.149641[−06]
5,1→ 8,3 4604.905 −0.073749 0.180183[−06]
5,1→ 9,1 5680.438 0.015512 0.531278[−07]
5,1→ 9,3 5844.436 −0.027037 0.797488[−07]
5,1→10,1 6821.594 0.005885 0.190997[−07]
5,1→10,3 6972.186 0.011625 0.356231[−07]
5,2→ 5,4 301.389 4.850333 0.728017[−09]
5,2→ 6,0 1459.745 −1.181612 0.103641[−05]
5,2→ 6,2 1582.708 1.272132 0.359996[−06]
5,2→ 6,4 1865.437 −1.273724 0.456048[−06]
5,2→ 7,0 2937.963 0.162942 0.650872[−06]
5,2→ 7,2 3052.944 −0.209786 0.261442[−06]
5,2→ 7,4 3317.193 0.297638 0.442779[−06]
5,2→ 8,0 4304.633 0.036551 0.221148[−06]
5,2→ 8,2 4411.662 −0.053389 0.106695[−06]
5,2→ 8,4 4657.491 −0.093777 0.239835[−06]
5,2→ 9,0 5560.085 −0.010286 0.629708[−07]
5,2→ 9,2 5659.136 −0.017105 0.380372[−07]
5,2→ 9,4 5886.476 −0.035878 0.113214[−06]
5,2→10,0 6703.931 −0.003381 0.173307[−07]
5,2→10,2 6794.923 0.006505 0.137299[−07]
5,2→10,4 7003.554 −0.015978 0.535285[−07]
5,3→ 5,5 383.137 5.543588 0.258319[−08]
5,3→ 6,1 1370.950 −1.697414 0.520908[−06]
5,3→ 6,3 1574.682 −1.460937 0.330621[−06]
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5,3→ 6,5 1933.988 1.320185 0.480117[−06]
5,3→ 7,1 2846.504 0.205629 0.294990[−06]
5,3→ 7,3 3036.972 −0.241847 0.241762[−06]
5,3→ 7,5 3372.667 −0.338212 0.508220[−06]
5,3→ 8,1 4210.518 0.041686 0.858481[−07]
5,3→ 8,3 4387.775 −0.061777 0.993078[−07]
5,3→ 8,5 4699.918 0.112273 0.294313[−06]
5,3→ 9,1 5463.307 0.010336 0.194102[−07]
5,3→ 9,3 5627.305 −0.019862 0.356168[−07]
5,3→ 9,5 5915.792 0.044646 0.147040[−06]
5,3→10,1 6604.463 0.002816 0.372102[−08]
5,3→10,3 6755.056 0.007581 0.129333[−07]
5,3→10,5 7019.588 0.020502 0.729422[−07]
5,4→ 5,6 461.763 6.171214 0.688791[−08]
5,4→ 6,2 1281.319 −2.165958 0.362923[−06]
5,4→ 6,4 1564.048 1.644988 0.315161[−06]
5,4→ 6,6 1996.924 1.322612 0.478550[−06]
5,4→ 7,2 2751.555 0.227545 0.182916[−06]
5,4→ 7,4 3015.804 −0.273703 0.232558[−06]
5,4→ 7,6 3420.039 0.370967 0.554728[−06]
5,4→ 8,2 4110.273 0.040645 0.434103[−07]
5,4→ 8,4 4356.102 0.070260 0.963529[−07]
5,4→ 8,6 4731.750 −0.129438 0.342366[−06]
5,4→ 9,2 5357.747 0.008217 0.667693[−08]
5,4→ 9,4 5585.087 0.022695 0.348299[−07]
5,4→ 9,6 5931.991 0.053342 0.180053[−06]
5,4→10,2 6493.534 −0.001371 0.486046[−09]
5,4→10,4 6702.165 0.008703 0.127467[−07]
5,4→10,6 7019.933 0.025183 0.931436[−07]
5,5→ 6,3 1191.545 2.625818 0.264964[−06]
5,5→ 6,5 1550.851 −1.820767 0.302809[−06]
5,5→ 7,5 2989.531 0.304869 0.225969[−06]
5,5→ 8,3 4004.638 0.035483 0.207469[−07]
5,5→ 8,5 4316.781 −0.078741 0.946252[−07]
5,5→ 9,3 5244.169 0.004691 0.139651[−08]
5,5→ 9,5 5532.655 −0.025580 0.345366[−07]
5,5→10,3 6371.919 0.000630 0.667530[−10]
5,5→10,5 6636.452 −0.009867 0.127599[−07]
5,6→ 6,4 1102.285 −3.090003 0.193351[−06]
5,6→ 6,6 1535.161 −1.990185 0.290946[−06]
5,6→ 7,4 2554.041 0.231196 0.722867[−07]
5,6→ 7,6 2958.276 −0.335752 0.220032[−06]
5,6→ 8,4 3894.339 −0.027081 0.817411[−08]
5,6→ 8,6 4269.987 0.087351 0.933096[−07]
5,6→ 9,4 5123.324 −0.000115 0.580058[−12]
5,6→ 9,6 5470.228 −0.028570 0.344445[−07]
5,6→10,4 6240.401 0.003027 0.107909[−08]
5,6→10,6 6558.169 −0.011096 0.128670[−07]
6,0→ 6,2 122.963 3.356977 0.709577[−11]
6,0→ 7,2 1593.199 1.058121 0.257425[−06]
6,0→ 8,2 2951.917 0.223913 0.251715[−06]
6,0→ 9,2 4199.391 0.068250 0.136260[−06]
6,0→10,2 5335.178 −0.025525 0.630796[−07]
6,1→ 6,3 203.732 −4.510642 0.114259[−09]
6,1→ 7,1 1475.554 −1.312902 0.450109[−06]
6,1→ 7,3 1666.022 1.299269 0.346662[−06]
6,1→ 8,1 2839.568 −0.238221 0.391111[−06]
6,1→ 8,3 3016.825 0.303017 0.367103[−06]
6,1→ 9,1 4092.358 −0.066074 0.187074[−06]
6,1→ 9,3 4256.355 0.097803 0.213795[−06]
6,1→10,1 5233.513 −0.022791 0.761362[−07]
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6,1→10,3 5384.106 −0.038279 0.106070[−06]
6,2→ 6,4 282.729 5.403600 0.656421[−09]
6,2→ 7,0 1355.255 1.342034 0.922217[−06]
6,2→ 7,2 1470.236 −1.436934 0.317715[−06]
6,2→ 7,4 1734.485 1.413118 0.390093[−06]
6,2→ 8,0 2721.926 0.205400 0.705960[−06]
6,2→ 8,2 2828.955 −0.261411 0.277335[−06]
6,2→ 8,4 3074.784 −0.362073 0.448356[−06]
6,2→ 9,0 3977.377 −0.050889 0.288688[−06]
6,2→ 9,2 4076.428 −0.072697 0.133248[−06]
6,2→ 9,4 4303.769 −0.123321 0.279430[−06]
6,2→10,0 5121.224 −0.015713 0.974123[−07]
6,2→10,2 5212.215 0.025138 0.544496[−07]
6,2→10,4 5420.846 −0.050279 0.147251[−06]
6,3→ 6,5 359.306 6.171400 0.232219[−08]
6,3→ 7,1 1271.822 −1.933888 0.464589[−06]
6,3→ 7,3 1462.291 1.650168 0.291291[−06]
6,3→ 7,5 1797.986 1.454306 0.404620[−06]
6,3→ 8,1 2635.837 −0.261504 0.324808[−06]
6,3→ 8,3 2813.093 0.301382 0.256009[−06]
6,3→ 8,5 3125.236 −0.408632 0.506858[−06]
6,3→ 9,1 3888.626 −0.059245 0.116508[−06]
6,3→ 9,3 4052.624 0.084142 0.123824[−06]
6,3→ 9,5 4341.110 −0.146497 0.336874[−06]
6,3→10,1 5029.782 −0.016494 0.326952[−07]
6,3→10,3 5180.374 −0.029203 0.509041[−07]
6,3→10,5 5444.907 −0.062013 0.187381[−06]
6,4→ 6,6 432.876 −6.863961 0.616905[−08]
6,4→ 7,2 1187.507 2.474545 0.323891[−06]
6,4→ 7,4 1451.756 −1.858020 0.277029[−06]
6,4→ 7,6 1855.991 1.444795 0.396047[−06]
6,4→ 8,2 2546.225 0.292328 0.204859[−06]
6,4→ 8,4 2792.054 0.341114 0.245683[−06]
6,4→ 8,6 3167.703 −0.445039 0.544219[−06]
6,4→ 9,2 3793.698 0.059445 0.621972[−07]
6,4→ 9,4 4021.039 0.095731 0.119882[−06]
6,4→ 9,6 4367.943 0.167650 0.384987[−06]
6,4→10,2 4929.486 −0.014201 0.131481[−07]
6,4→10,4 5138.117 0.033387 0.496755[−07]
6,4→10,6 5455.885 0.073510 0.225049[−06]
6,5→ 7,3 1102.985 −3.007326 0.236216[−06]
6,5→ 7,5 1438.680 −2.056522 0.265395[−06]
6,5→ 8,3 2453.787 −0.306017 0.133283[−06]
6,5→ 8,5 2765.930 0.380006 0.238009[−06]
6,5→ 9,3 3693.318 −0.054219 0.323215[−07]
6,5→ 9,5 3981.804 0.107339 0.117413[−06]
6,5→10,3 4821.068 0.009910 0.409222[−08]
6,5→10,5 5085.601 0.037663 0.491302[−07]
6,6→ 7,4 1018.880 −3.546783 0.171887[−06]
6,6→ 7,6 1423.115 2.247841 0.254090[−06]
6,6→ 8,4 2359.178 0.305275 0.847511[−07]
6,6→ 8,6 2734.826 −0.418574 0.230913[−06]
6,6→ 9,4 3588.163 0.044716 0.147997[−07]
6,6→ 9,6 3935.067 0.119150 0.115400[−06]
6,6→10,4 4705.240 0.004116 0.486162[−09]
6,6→10,6 5023.009 0.042110 0.488483[−07]
7,0→ 7,2 114.981 3.737750 0.628867[−11]
7,0→ 8,2 1473.699 −1.174526 0.214782[−06]
7,0→ 9,2 2721.173 −0.271350 0.246076[−06]
7,0→10,2 3856.960 0.089587 0.153443[−06]
7,1→ 7,3 190.469 5.020569 0.101100[−09]
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7,1→ 8,1 1364.015 1.467948 0.379836[−06]
7,1→ 8,3 1541.271 −1.433885 0.286106[−06]
7,1→ 9,1 2616.804 0.291828 0.390112[−06]
7,1→ 9,3 2780.802 −0.364631 0.353719[−06]
7,1→10,1 3757.959 0.088207 0.217694[−06]
7,1→10,3 3908.552 0.127155 0.235967[−06]
7,2→ 7,4 264.250 6.011461 0.579418[−09]
7,2→ 8,0 1251.690 −1.509455 0.784013[−06]
7,2→ 8,2 1358.719 1.606640 0.267740[−06]
7,2→ 8,4 1604.548 1.549026 0.317569[−06]
7,2→ 9,0 2507.141 0.254562 0.718921[−06]
7,2→ 9,2 2606.192 0.320257 0.276223[−06]
7,2→ 9,4 2833.533 0.432594 0.425362[−06]
7,2→10,0 3650.988 0.069421 0.350137[−06]
7,2→10,2 3741.980 −0.097068 0.154843[−06]
7,2→10,4 3950.610 0.158930 0.302476[−06]
7,3→ 7,5 335.695 −6.861142 0.204322[−08]
7,3→ 8,1 1173.546 −2.182522 0.395816[−06]
7,3→ 8,3 1350.802 1.845082 0.244957[−06]
7,3→ 8,5 1662.946 −1.581469 0.323831[−06]
7,3→ 9,1 2426.335 −0.326911 0.335497[−06]
7,3→ 9,3 2590.333 0.369263 0.254419[−06]
7,3→ 9,5 2878.819 −0.484623 0.472810[−06]
7,3→10,1 3567.491 −0.082382 0.146406[−06]
7,3→10,3 3718.083 −0.112387 0.143592[−06]
7,3→10,5 3982.616 −0.187244 0.357655[−06]
7,4→ 7,6 404.235 7.625033 0.540633[−08]
7,4→ 8,2 1094.469 −2.801124 0.276000[−06]
7,4→ 8,4 1340.298 −2.077531 0.232305[−06]
7,4→ 8,6 1715.946 1.556066 0.310334[−06]
7,4→ 9,2 2341.943 −0.369037 0.214908[−06]
7,4→ 9,4 2569.283 −0.418001 0.243428[−06]
7,4→ 9,6 2916.187 −0.523678 0.498268[−06]
7,4→10,2 3477.730 0.084799 0.819381[−07]
7,4→10,4 3686.360 −0.127924 0.138628[−06]
7,4→10,6 4004.129 −0.212570 0.400682[−06]
7,5→ 8,3 1015.107 3.413444 0.200931[−06]
7,5→ 8,5 1327.250 −2.299563 0.221750[−06]
7,5→ 9,3 2254.638 0.390771 0.142341[−06]
7,5→ 9,5 2543.124 −0.465746 0.234932[−06]
7,5→10,3 3382.388 −0.080229 0.455918[−07]
7,5→10,5 3646.921 −0.143518 0.135286[−06]
7,6→ 8,4 936.063 4.035630 0.145649[−06]
7,6→ 8,6 1311.712 −2.513621 0.211372[−06]
7,6→ 9,4 2165.048 0.395311 0.925065[−07]
7,6→ 9,6 2511.952 0.513137 0.226872[−06]
7,6→10,4 3282.125 0.070142 0.233182[−07]
7,6→10,6 3599.894 0.159427 0.132382[−06]
8,0→ 8,2 107.029 4.159998 0.544386[−11]
8,0→ 9,2 1354.503 −1.293250 0.170803[−06]
8,0→10,2 2490.290 0.324521 0.225925[−06]
8,1→ 8,3 177.256 5.586073 0.873632[−10]
8,1→ 9,1 1252.789 1.629377 0.305851[−06]
8,1→ 9,3 1416.787 −1.568652 0.224739[−06]
8,1→10,1 2393.945 0.352976 0.365712[−06]
8,1→10,3 2544.537 0.432809 0.319698[−06]
8,2→ 8,4 245.829 −6.685643 0.499364[−09]
8,2→ 9,0 1148.422 1.686414 0.636262[−06]
8,2→ 9,2 1247.474 1.783383 0.215218[−06]
8,2→ 9,4 1474.814 1.681709 0.245553[−06]
8,2→10,0 2292.269 0.311559 0.688032[−06]
Continued on next page
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v, L→ v′, L′ ∆ENR, cm−1 〈 v′L′
∥
∥Q(2)
∥
∥vL〉 , a.u. A21, s
−1
8,2→10,2 2383.261 −0.387394 0.258460[−06]
8,2→10,4 2591.891 0.509509 0.377873[−06]
8,3→ 8,5 312.143 7.626254 0.175470[−08]
8,3→ 9,1 1075.533 −2.447498 0.321839[−06]
8,3→ 9,3 1239.531 2.048168 0.196390[−06]
8,3→ 9,5 1528.017 −1.701216 0.245452[−06]
8,3→10,1 2216.688 −0.403564 0.325407[−06]
8,3→10,3 2367.281 −0.446732 0.237381[−06]
8,3→10,5 2631.814 −0.566121 0.412003[−06]
8,4→ 8,6 375.648 8.469447 0.462240[−08]
8,4→ 9,2 1001.644 3.151694 0.224330[−06]
8,4→ 9,4 1228.985 2.306385 0.185589[−06]
8,4→ 9,6 1575.889 1.655091 0.229365[−06]
8,4→10,2 2137.432 −0.459938 0.211393[−06]
8,4→10,4 2346.062 0.505789 0.226253[−06]
8,4→10,6 2663.831 0.606319 0.424808[−06]
8,5→ 9,3 927.388 −3.852248 0.162867[−06]
8,5→ 9,5 1215.874 2.553150 0.176360[−06]
8,5→10,3 2055.138 0.492382 0.142204[−06]
8,5→10,5 2319.670 0.563699 0.217286[−06]
8,6→ 9,4 853.337 −4.567015 0.117442[−06]
8,6→ 9,6 1200.240 −2.791210 0.167180[−06]
8,6→10,4 1970.414 −0.504618 0.941174[−07]
8,6→10,6 2288.182 −0.621250 0.208566[−06]
9,0→ 9,2 99.051 −4.633902 0.458623[−11]
9,0→10,2 1234.838 −1.415478 0.128851[−06]
9,1→ 9,3 163.998 6.220875 0.734523[−10]
9,1→10,1 1141.156 1.799579 0.233963[−06]
9,1→10,3 1291.748 1.704336 0.167149[−06]
9,2→ 9,4 227.341 −7.442653 0.418585[−09]
9,2→10,0 1044.795 1.876176 0.490797[−06]
9,2→10,2 1135.787 −1.969815 0.164272[−06]
9,2→10,4 1344.418 1.811137 0.179279[−06]
9,3→ 9,5 288.486 8.485702 0.146492[−08]
9,3→10,1 977.158 −2.734274 0.248650[−06]
9,3→10,3 1127.750 −2.262537 0.149403[−06]
9,3→10,5 1392.283 −1.812467 0.174979[−06]
9,4→ 9,6 346.904 −9.418464 0.383946[−08]
9,4→10,2 908.447 −3.534198 0.173105[−06]
9,4→10,4 1117.077 2.548182 0.140551[−06]
9,4→10,6 1434.846 1.739532 0.158544[−06]
9,5→10,3 839.264 4.334564 0.125166[−06]
9,5→10,5 1103.797 2.821407 0.132795[−06]
9,6→10,4 770.173 5.155140 0.896145[−07]
9,6→10,6 1087.942 3.085308 0.124992[−06]
10,0→10,2 90.992 5.174171 0.374039[−11]
10,1→10,3 150.592 −6.944823 0.597644[−10]
10,2→10,4 208.630 8.306428 0.339371[−09]
10,3→10,5 264.533 −9.467073 0.118202[−08]
10,4→10,6 317.768 −10.503127 0.307930[−08]
